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Abstract

We introduce a variational principle for symplectic connections and study the corresponding
field equations. For two-dimensional compact symplectic manifolds we determine all solutions of
the field equations. For two-dimensional non-compact simply connected symplectic manifolds we
give an essentially exhaustive list of solutions of the field equations. Finally we indicate how to
construct from solutions of the field equations on (M. ) solutions of the field equations on the
cotangent bundle to M with its standard symplectic structure. © 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

On a Riemannian manifold (M, g) there exists a unique preferred linear connection V —
called the Levi Civita connection — characterized by having no torsion and by the fact that
g 1s parallel. On a symplectic manifold (M, w) there exist preferred linear connections V —
called symplectic connections — characterized by having no torsion and by the fact that
is parallel. Such connections are never unique: the set of such connections can be identified
(in a non-canonical way) to the space of completely symmetric covariant tensor fields of
order 3 on M.

If one believes that linear connections are a useful tool to do geometry, it seems natural
to introduce a selection rule — a variational principle — to choose one (or a restricted class)
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of symplectic connections. It may of course happen that the field equations associated with
this variational principle do not admit solutions on certain symplectic manifolds; we have
for the moment no idea as to a possible answer to such a question. But even if this would be
the case, the determination of those symplectic manifolds for which the space of solutions
of the field equations is not empty, is in our opinion an interesting problem. It seems to
be even more instructive to determine the structure of the space of equivalence classes of
solutions of the field equations (equivalence class under the action of the diffeomorphism
group).

In Section 2 we recall elementary properties of symplectic connections of the correspond-
ing curvature tensor and determine all polynomial invariants in the curvature which are of
degree less than or equal to 2. In Section 3 we introduce two variational principles for a
symplectic connection and prove that they lead to the same field equations; this slightly
surprising fact is due to a nice identity relating, on a symplectic vector space (Vy, wq), the
exterior product of 2-forms to the natural pairing of these 2-forms induced by wy. Section
4 describes classes of solutions of the field equations which one can read in the literature
(this is true for certain type of symplectic manifolds only). In Section 5 we begin the study
of two-dimensional manifolds (M, ») admitting a preferred symplectic connection (i.e. a
connection solution of our field equations). The essential point here is the introduction of a
function 8 which controls completely the geometry. In Section 6 we prove that on acompact
symplectic manifold the function B is either identically zero or that df is not identically
zero. In this second case we prove that the Hamiltonian vector field X associated to 8
generates a S ! action on (M, w). From this, one deduces easily that if the genus of M is
such that g > 1, the preferred connection must be locally symmetric. Section 7 is devoted to
the sphere case. The function 8 admits necessarily only two isolated non-degenerate critical
points; one constructs on the sphere minus these two points the most general solution of the
field equations and one shows that it cannot be extended to the whole of S°. In Section 8
we give a list of the symmetric symplectic surfaces and in Section 9 we give a list of the
compact locally symmetric surfaces. It turns out that in most of the compact cases the locally
symmetric connection is associated to a Riemannian locally symmetric space. In Section 10
we prove that on each compact symplectic surface (M, ) there exists a preferred connec-
tion and we characterize the space of equivalence classes of such connections. Section 11
gives a local description of the preferred connections on the plane (R?, wy); it also gives a
list of geodesically complete such connections. It appears from this list that the situation is
immensely more complicated in the non-compact case. Finally in Section 12 we show how
to lift preferred connections from (M, ) to the cotangent bundle T*M with its standard
symplectic structure.

2. Symplectic connections: symplectic curvature tensor
Let (M, w) be a symplectic manifold. A linear connection V on (M, w) is said to be

symplectic iff: (i) TV (= torsion of V) = 0; (ii) Vo = 0. We recall the proof of the
following classical proposition.
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Proposition 2.1. Let (M, @) be a symplectic manifold. The set of symplectic connections

on (M, w) can be identified with the affine space of completely symmetric tensor fields of
0

type (3) on M.

Proof. Let V be any torsion-free connection on (M, w); any other torsion-free linear con-

nection can be expressed as
VxY =VyxY + S(X,Y),

where X, Y are vector fields and S is symmetric. The condition V@ = 0 reads
(Vxo)(Y,Z) - S(X,Y,Z)+ 8(X, Z,Y) =0,

where S(X, Y, Z) = w(S(X,Y), Z). A particular solution to this equation is given by
S(X.Y,Z) = 1 (Vxw(¥, Z) + Vyo(X, Z)).

Any other solution 8’ differs from this one by a :S which is completely symmetric. 0

The curvature R of a symplectic connection V on (M, w) is defined as usual by
R(X.Y)Z = (VxVy — VyVyx — Vix.y)Z.
To this (;) tensor field one can associate a (}) tensor field R by
RX, Y. Z,T)=w(R(X,Y)Z,T).

This will be called the curvature tensor of V.
The following proposition is obvious.

Proposition 2.2, Let R be the curvature tensor of a symplectic connection V on (M. w).
Then
(i) RX,Y,Z,T)=—-R(Y,X,Z,T)=R(X,Y, T, 2),
i) fyy, RX.Y,Z,T) =0,
(i) fy y ,(VxR(Y,Z,T,U) =0.

The Ricci tensor of the symplectic connection V on (M, ) is defined by
r(X,Y)=tu(Z - R(X, Z)Y).

The following properties are easy to check.

Proposition 2.3, Let r be the Ricci tensor of a symplectic connection V on (M, ). Then
W rX,Y)=r,X),
(ii) in a local coordinate system {x° ; 1 < a < 2n = dim M}

not d
Tap = r(0g, 0p) = Kcabdwc f

if R 4.5 are the components of the curvature tensor of V and if

w('dwdp — 8;,
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(iii) in a local coordinate system

1 cd
rab = 3 R0,

(iv) define the tensor field E on (M, w) by the expression in any local coordinate system

Egped = Rwapred + Wactbad + Wadlbe — Wbelad — Wpdracls

-1
2(1 +n)
where 2n = dim M. Then

Eobcd = —Epacd = Egpde, % Egpea = 0,
a,b.c
{ldE - abE —_ 2
w abcd = Thes w abcd = <Fed,

(v) let W be the tensor field on (M, w) defined by
R=E+W.

Then W has all symmetries of the curvature tensor. In dimension 2 (n = 1), W = Q,
hence R = E. Furthermore

d b
@ Wapea = 0" Wapeq = 0.

We observe that in view of the above proposition and of the symmetry of the Ricci tensor,
there is no analog of the scalar curvature for a symplectic connection.

It is natural to define symplectic Einstein manifolds (SE) as symplectic manifolds admit-
ting a symplectic connection V such that

R=W,
or equivalently
r=20.

Similarly we define symplectic simple manifolds (SS) as symplectic manifolds admitting a
symplectic connection V such that

R=E.

The following lemma, which is a direct consequence of the definition of the tensor field
E, gives the list of polynomial invariants in the curvature tensor of degree smaller or equal
to 2.

Lemma 2.1. IfR,; ., (resp, rap) are the components of the curvature tensor (resp. the Ricci
tensor) of a symplectic connection V on (M, w) denote

' bh ! dd’ ab 7 bh

bcd
Ea 4= Cl)aa w Cl)CC w Ea/b/(./d/, r = a)aa W gy
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Then

bed
Eabcdﬁa “ = _1

4
~raor” + Waea W,

Proposition 2.4. Any polynomial invariant of degree smaller or equal to 2, in the curvature
tensor R of a symplectic connection V on (M, w), is a linear combination of the two
Jollowing invariants

r”brab R

abed
2abed E .

3. A variational principle for symplectic connections

An invariant functional J on the space of symplectic connections V on (M, w) may be
defined by an expression of the form

wn
J=/A—,
n!

where A is a scalar invariant depending on the curvature R, eventually of a certain number
of its covariant derivatives, and of the symplectic form w.

We have assumed in this paper that A is a polynomial function in R of degree smaller
or equal to 2. In view of Proposition 2.4, any functional is a linear combination of the two
following ones:

def 1 ab " def abed "
Ji = E/rabr e J2 = | RypeyR R

The Euler-Lagrange equations for J) read:

% (Vxr)(Y,Z) =0 VX,Y, Z vector fields on M.

X.Y.zZ

Locally this is expressed as

f Tabe =0, 3.

a.b,.c

where ; means covariant derivative.
The Euler-Lagrange equations for J, read locally:

R w’ =0. (3.2)

Zpbed.q
b.c.d
Using Bianchi identities (Proposition 2.2, (iii)) appropriately contracted one gets

Proposition 3.1. The Fuler-Lagrange equations (3.1) and the Euler-Lagrange equations
(3.2) coincide.
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This can be understood using the following lemma, due to Rawnsley.

Lemma 3.1. Let (R%", wg) be the standard symplectic vector space and let , ¥ be elements
of /\Z(Rz"). If{es , | < a < 2n)} is a basis of R*" and (%) is the dual basis of R2", we
have for @, Y, wg the representation

1 b 1 b 1 a . b
@ = 5@apey A€, ¥ = 5Vanes Ne,, Wy = 5Wap€y N €.

Define a bilinear symmetric form B on /\Z(Rz") by
B(p, ¥) = %‘pablba’b’waa w?? s 0" wyrp = 6,‘,‘.
Then.

@AY Awy % = L[B(e, w0)B(¥, wo) — Ble, ¥)]wf.

The proof is by straightforward calculation.

The curvature R at a point is a 2-form with values in the endomorphisms of the tangent
space at this point; one may define R 5 R as the 4-form with values in the endomorphisms
of the tangent space obtained by taking the exterior product of the 2-forms and composing
the endomorphisms. The 4-form

tr(R 6 R)

at the given point is then scalar valued. Similarly one may compose the endomorphisms
B(R, wp) and B(R, wg) and take the trace; and do the same for B(R, R). Lemma 3.1 above
then implies that
n—2 _ 1 ab 1 R Rabcd n
PAw@ = Tor? | 7" ~ 3RapeaR w",
where Pj is a 4-form which represents the 1st Pontrjagin class of M. As the Pontrjagin class
does not depend on the chosen connection, we have, in view of Proposition 2.4

Proposition 3.2. A variational principle for symplectic connections whose lagrangian den-
sity is a polynomial in the curvature of degree smaller or equal to 2 is unique.

4. Examples

Let (M, w) be a symplectic manifold. An almost complex structure J is said to be
compatible with w if
() w(JX,JY)=w(X,Y), VX, Y vector fields,
(i) w(X,JX) > 0if X #0.
Such compatible almost complex structure always exist [1]. Define, for a given compatible
J, a Riemannian structure g by

gX,Y)=w(X,JY),



F Bourgeois, M. Cahen/Journal of Geometry and Physics 30 (1999) 233-265 239

and let V ;) be the Levi Civita connection associated to g. The manifold (M, w, J) is said
to be Kahler if

V(g).] = 0

Then V()@ = 0 and V) is a symplectic connection. There are now two curvature tensors:
(i) R(X,Y.Z,T) = w(R) (X, Y)Z, T) which is the symplectic one.

(ii)) RU(X.,Y, Z,T) = g(R()(X,Y)Z, T) which is the Riemannian one.

They are related by

R(X,Y.Z, T)=R(X,Y,Z,JT).
There is only one Ricci tensor. There is also a Ricci form
p(X.Yy=r(X,JY).
In a local coordinate system one gets
Pab = Tap ‘]if = %-Iixtapw“‘]bp
— %Rsra/w[pws’ pr
= %B—/srabw” = %Eabstw”'

Hence by the Bianchi identities, in the Riemannian case, one gets

f Pab;c = 0,

a.b.c

which means that p is a closed 2-form.
The field equations

?{ (Vxr)(¥Y,2) =0
Xyz

are equivalent to
(Vxr)(X, X)=0 VX vector field.

In the Kihler case, this equation is known as the D’ Atri condition [2, Section 16.53, p. 450].
The D’ Atri condition is satisfied if the geodesic symmetry at a point preserves the volume
(locally) [2, Section 16.52, p. 450]. Clearly in dimension > 4 Kahler Einstein spaces
(i.e. r = Ag) are solutions of the field equations. In particular, any coadjoint orbit of a
compact group admits such a Kihler Einstein structure which is unique (up to homothety)
[2, Theorem 8.2, p. 208]. It is a famous result that any compact complex manifold with
negative first Chern class admits a Kéhler Einstein metric [2, Theorem 11.17, p. 322]. Also
the K3 surfaces admit Kihler Einstein metrics [2, Section 12.105, p. 365].
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5. The two-dimensional case: a local approach 1

We first observe that in dimension 2, the symplectic curvature tensor R reduces to its E
part; also any covariant antisymmetric 2-tensor field is proportional to w. So in any local
chart one has

Riped = —Wabrea- (5.1)

Also the field equations, in dimension 2, are equivalent to the existence of a 1-form u such
that

Fabre = (Ver) (B, 0p) = @ackty + @pelhq. (5.2)
Lemma 5.1. There exists a function B such that the covariant derivative of the I-form u is
given by

Ug:p = Bwgp. (5.3)

The second covariant derivative of the Ricci tensor is expressed in terms of this function B
by

Tabied = B(WapWed + OpeWad)- (5.4)

The first and second covariant derivatives of B are given by
Ba =rakuk, (5-5)
Ba:b = —uqup + Brap. (5.6)

Proof. The Ricci identity for the second covariant derivatives of the Ricci tensor reads

Yab:cd — Yab:de = _Rdcaprpb - Rdcbprap = wdc(raprpb + rlfrpa) = 0.
Hence
Wacll,d + Wbcla:d — WadUb:c — ObdUa:c = 0, 2(up:a + Ua:p) = 0,

which proves (5.3). Formula (5.4) is a direct consequence.
The Ricci identity for the second covariant derivative of the 1-form u gives

k k
Ugpe — Uayeh = —Repg Uk = Wepl U = WapBe — wacPp-

Hence (5.5). Deriving this relation we get
Basb = Fap:p@™ up + rapw Bowy = wppita@™ ux + Brop = —ugutp + frap. O
The function 8 will play the crucial role in all that follows. In particular:
Proposition 5.1. The symplectic connection V is locally symmetric if and only if B = 0.

Proof. If 8 = 0, (5.6) implies u = 0 and hence Vr = 0; thus VR = 0. Conversely if
VR =0, u = 0 and (5.3) implies 8 = 0.
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Lemma 5.2. There exist real numbers A, B such that
rapi’u’ =p* + B, (5.7)
%rahrab =B +A, (5.8)

where U’ w,, = up.

Proof. Deriving the left-hand side of (5.7):
(rabﬁuﬁh):v = rabﬁ(wacuh + uqwpe) =2BB- = (ﬁz)i("

Hence formula (5.7).
Deriving the left-hand side of (5.8):

Z;l'(ruhrUh)x = %(wacuh + wb('ua)rab = r([-)“b = B.
Hence formula (5.8).
Lemma 5.3.
(i) The Hamiltonian vector field X g and the vector field u (i (W)w = u) commute.

(i1) The I-forms u and df are linearly independent at all points p wherer,(u, u) # 0. In
fact

und=—runow. (5.9)

Proof. One has
i([u, Xpho = (W) Lx, — Lxzi(u))w, = —i(Xp)du — du(Xp).
But Eq. (5.3) implies
du = 28w
and
u(Xp) = wapit* XY = =% Bo = rapi°a’ = > + B.
Hence
i([w, XgDow =2dp —28dB =0,
which proves (i). For (ii) notice that
uAdB'E B — uaBr)dx! A dx?

= —wpwPugBpdx! A dx?

= Epﬁpa) =—r{u, n)w. O

Proposition 5.2. Assume df # OandletU = {p € M |r,(u, @) # O}. Then the preferred
connection must be given locally on U by the formulae

Vi = —Bu, ViXp = —BXp. Vx; Xp = (B2 +2A8 — B)ui. (5.10)
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Conversely, given a 1-form u and a non-constant function B such that u(Xg) = B% + B,
then formula (5.10) define on the open set 8% # — B a preferred connection.
Proof. One has locally
Vil = w0l 8y = w0’ Bwpa 8y = —Pul.
Similarly
ViXp =uBL0p = W0l (—upuy + Broa)dp = —BXg.
Finally
VXﬂX/S = ﬂaﬁ;baab = ﬂpw”“wqb(—uqua + ﬂrqa)ab
=u’Bpu — ﬂr(frf,uswqbﬁb
=—(°+ B)u — ﬂr(frplw“uswqbﬁb
= — (B> + BYu + 3 B(rear Dy us0?*8)
=—(B%+ B)i + 3 B(rear*u,
=(—p° - B+28>+2AB)u
= (8% +2A8 - B)u.
Conversely assuming (5.10) we get
R(, Xp)u = —ii(B)Xp = (B + B)Xp, R, Xp)Xp = —2(B + A)(B* + B)i,
and for the Ricci tensor
r@m=p+B,  r@@ Xp=0,
r(Xp, Xp) =2(8 + A)(B* + B).
The non-vanishing components of the covariant derivative of the Ricci tensor are
(Var)(Xp, Xp) = =28+ B2, (Vx, )& Xp) = (B> + B),

which shows that the field equations are indeed satisfied. One checks also that the constructed
connection is symplectic. ]

6. The two-dimensional case: a global approach I

Lemma 6.1. If df = 0 and B # 0, the manifold M is not compact.

Proof. One has w = —(1/28)du = d(u/—28) which cannot occur in the compact case.
[}

Lemma 6.2. If (M, w) is compact and V is not locally symmetric then all critical points
of B are either absolute maxima or absolute minima. If K = maxp (resp. k = ming) then
K>0k=—Kand B=—-K?<0.
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Proof. One simply observes that at a critical point p,
up(Xp) = B*(p) + B =0.

Hence B = —K>.

Lemma 6.3. The function 8 admits at least one non-degenerate critical point. (M is as-
sumed to be compact.)

Proof. Let p be a critical point. Then

Hessp B = det(B4:5)(p) = Bi:1B22 — Bi:2B2:1
=det w30 & Ba.p s
= detw%—w‘m,wbb/(—uaub + Brap)(—ugup + Bryp)
=detwl(—2Br (@, @) + Brrapr®)
=detw(—B(B* + B) + B>(2B + 24))
=detwB(p)(—B> — B + 28> + 248)
=detwB(p)(B* +2AB — B)
=detw(£1)2K(K? £ AK)
=detw(£1)2K%(K + A).

Hence if A # K all critical points are non-degenerate; if A has one of the exceptional
values, then either all maximum points or all minimum points are non-degenerate. O

Lemma 6.4. Let ¢, be the flow associated to the vector field u (which is complete as M is

assumed compact). Then

(i) the fixed points of ¢, are critical points of B

(i) any non-constant integral curve of u goes from the set of minima of g (fort = —o0) to
the set of maxima of B (for t = +00).

Proof. If 4, = 0, then B,(p) = r('fuk(p) = (. Furthermore

—a _ dﬂ _ a2 2
uﬂa-——dt =—-pf"+K".
Hence
2Kt _ _
ﬂ(t):K(K+ﬂO)e (K — Bo)

(K + Bo)e?k? + (K — o)’

Proposition 6.1. Assume M compact and df # 0. Let r; be the flow associated to the

hamiltonian vector field X g. Then

(1) Vs is a group of affine transformations of (M, V).

(ii) There exists a smallest positive number t such that s, = id, in particular X g generates
a strongly Hamiltonian action of the torus S Uon (M, w).



244 F. Bourgeois, M. Cahen/Journal of Geometry and Physics 30 (1999) 233-265

Proof. X is an affine vector field if
[:XﬂVyZ = V[;XﬂyZ + Vy[:xﬂZ

for any vector fields X, Y, Z. This is easily checked using for vectors Y and Z the vectors
% and Xg, the relation (5.10) and Lemma 5.3(i).

As B admits an isolated critical point p, consider a neighborhood £2,,, which is the domain
of a chart with coordinates x, y such that in £2,

B = (FK £ (x> +y%).

The upper signs correspond to p, a minimum, and the lower signs correspond to p, a
maximum. Let g € £2,,. The local curve § = B(q) is a circle, which is an integral curve of
Xp. Let 7 be the smallest positive number such that ¥ (g) = q. We claim that t does not
depend on ¢.1If ¢" € 2, and B(g") = B(q), 7y = 1. If B(q") # B(q), let | be defined by
Bwi(q")) = B(q). Then

Yrop(@) = @) =g oY (q)
and thus

ve(@) =4
The diffeomorphism v, is thus the identity when reduced to w; as it is an affine transfor-
mation ¥, = id. The S' action is then defined by

e’ x = Yro/20 (%) O
Theorem 6.1. Let (M, w) be a connected two-dimensional compact symplectic manifold
such that its genus g is > 0. IfV is a symplectic connection which satisfies the field equations,
then V is locally symmetric.

Proof. As V is a solution of the field equations, the second covariant derivative of the Ricci
tensor defines a function . If 8 = 0, V is locally symmetric. As M is compact, 8 cannot
be constant and different from O. If S is not constant, there exists a strongly Hamiltonian
action of S'. From this follows easily that A is a Morse Bott function with even dimensional
critical manifolds [3]. There cannot be a two-dimensional submanifold as the action of S!
is not trivial. Hence all critical submanifolds are of dimension 0 and hence isolated critical
points, which are non-degenerate. This implies that

p+q=xM),
where p is the number of minima and g the number of maxima. Also p > 1,4 > 1 and
X (M) < 2 lead to the desired contradiction. ]
Remarks.

(i) The only case where a non-locally symmetric solution of the field equations in the
compact case might exist is the sphere S*.
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(i1) As the Hessian is positive we have

A>K>—-A

7. The sphere case

We know that if (M, w) is compact, and V is not locally symmetric, then (M, @) is
diffeomorphic to the standard sphere S2, endowed with its standard symplectic structure
wp and the S! action is the usual rotation around an axis [4]. We shall scale wg such that
the area of SZ, relative to wo, 18 4.

We shall use “latitude, longitude” (8, ¢) coordinates on S and write local expressions
in the open set S \ {north and south pole}. In these coordinates

w =cosfdb A do, g0 = d0 ® db + cos’ 0 dy @ dy,

where g is the standard Riemannian metric on S2. If V denotes the Levi Civita connection
corresponding to gg, one has

V09 =0  Vy d, =sinfcosddy,
vaﬁ 399 =-—tan 9890 = vaw 0p.
The function 8 associated to the symplectic connection reads
B = Ksin#d, Xpg=—Ka,.
The symplectic conditions are:
o 9
FHQ—FF;;:—tanG, Iy, +Ij,=0.
If one writes the 1-form u as
u=u;dé +u>dy

the vector field u is
U Ui

“= cosf " cosf ¥
and the condition [u, Xg] = 0 tells us that
Oy = 0 = dpuy.

As Xp is an affine vector field, the Christoffel symbols are independent of ¢. Recall that
we have

Ug:h = ,Bwab-
Hence

[ % 4 % _ :
douy — Igyuy — Igyur =0, —Fgwul—Fgwuz—KschosG,

R Al _ry — : _rf R Al .
Ogu2 F(,(pu] F9<p“2— K sinfcos 8, qul FWug_O.
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The second and third of these equations imply

uy=Kcos’0+a (acR).
On the other hand:

7B, = —r(@,w) = K — p, = K%cos’0 = Kuy

which shows that a = 0.
We now use relations (5.8) to determine the Christoffel symbol and we get

2
/]
K?cos?0Iy — 2Kui Iy, + —3—= T, =0,

cos20 ¥
2
_ _ 2. 2500 _ ¢ Ul e _
Kdgu; —2Ku tand + K- cos“ 61y, 2Ku|1“9¢+c0829['w-—0,
Ku
2 0 1 o _
—-K COSQre(p-'l-m W_O,
Ku
g2 % l mop _ g2
K cos91"9(p + o Iy, =K"sin 0,
Fg(p=c059(Ksin29+2Asin9+K),
_ Uy .2 .
Ff(p——Kcose(Ksm 8+ 2Asinf + K)
which simplify easily to give
rg,= KZ(I)SQ(K sin?6 + 24 sind + K),
re =—tan9——M%—(Ksin29+2Asin9+K)
42 K2cos3 6 ’
re ——u%—(Ksin29+2Asin9+K)
90~ K2cos3 9 ’
re LY i (K sin20 + 2Asinf + K)
=— — ———(Ksin sin .
00~ Kcos28 "' Kicoso @

We can now evaluate the size of the tensor field S = V — V in terms of the norm given by
the metric go. We get

2 2u/i' 2 1 ul :
= + Uy — ———P
K*cosb9 K2cos26 | "' T K2cos36
2

Uy p2 1 ) 2 ;
+FP +m[sm 6+ P —2sinf P],

=
cos2 @

(sinf — P)2,



F. Bourgeois, M. Cahen/Journal of Geometry and Physics 30 (1999) 233-265 247

where P = K sin’ 6 + 2Asin6 + K. In order for the connection to extend to the whole of
S2itis clearly necessary that limg_, +~ /2 52 remains bounded. Now for this to be true it is
necessary that

lim (sinf — P)=20
O—+7/2

Le.
l1-K—-2A-K =0, —1-K+2A—-K=0

which leads to K = 0 which is impossible. Hence

Theorem 7.1. A connection solution of the field equations on the sphere S° is necessarily
locally symmetric.

Putting together Theorems 6.1 and 7.1 give:

Theorem 7.2. A connection solution of the field equations on a compact surface is neces-
sarily locally symmetric.

8. The symmetric symplectic surfaces

If (M, w, V) is a connected locally symmetric, complete, symplectic manifold, then its
universal covering (M, &, V) is a simply connected symplectic symmetric manifold. Hence
M =  \ M where I is a group of symplectic affine transformations of (M, &, V) acting
freely and properly discontinuously on M.

So the first step is to determine the simply connected symplectic symmetric surfaces.
Recall that one associates to a symplectic symmetric space an algebraic object, called a
symmetric triple (G, o, £2) [5]. Such a triple is composed of a finite dimensional real Lie
algebra G, of an involutive automorphism o of G and of a real valued Chevalley 2-cocycle
of G, §2, for the trivial representation of G on R. These 3 elements satisfy the following
axioms:

- IfG = K@P whereojx = id|x andojp = —idjp then[P, P] = K and the representation
adjp K is faithful.

— Forany k € K, i(k)$2 = 0 and £2)pxp is a symplectic form on P.

The dimension of P is called the dimension of the symmetric triple. It is well known that

the isomorphism classes of symmetric triples correspond bijectively to the isomorphism

classes of simply connected symplectic symmetric spaces. An easy calculation leads to

Proposition 8.1. The list of isomorphism classes of two-dimensional symplectic symmetric
triples is the following:
(i) G = R? = abelian two-dimensional Lie algebra
g = —idg
2 = any symplectic form on R*



248 F. Bourgeois, M. Cahen/Journal of Geometry and Physics 30 (1999) 233-265

(i) G =512, R). Let (H, E, F) be its standard basis. The multiplication reads [H, E] =
2E, [H, F] = —2F, [E, F] = H.
K=RH, P=RE®RF
RE,F)=p(eRY

(i) G =512, R)
K=R(E—F),P=RH®R(E + F)
QEHE+F)=p(EeRH

(iv) G = 503, R). Let (X, Y, Z) be its standard basis. The multiplication reads [X, Y] =
Z, 1Y, Z1=X,[Z,X] =Y.
K=RZ P=RX®RY
X, Y)=p(eRY

(v) G = EQ) = Lie algebra of the isometry group of the euclidian plane. Let (X, Y, Z) be
its standard basis. The multiplication reads [X, Y] =0, [X, Z] =Y, [V, Z] = —X.
K=RY,P=RX+RZ
(X,2)=1

(vi) G = M(2) = Lie algebra of the isometry group of the minkowski plane. Let (X, Y, Z)
be its standard basis. The multiplication reads [X, Y] =0, [X,Z] =Y, (Y, Z] = X.
K=RX,P=RY +RZ
Y, Z2)=1

Remarks.
(i) In case II, the subspace RE (resp. RF ) is stabilized by ad K. In case V, the subspace
RX is stabilized by ad K. In case VI, the subspace RY is stabilized by ad K.
(ii) In cases II, IlI, IV, the isomorphism class is determined by a parameter p, which
measures the “size” of the symplectic form.
(iil) In case II, the symmetric bilinear form Q on P defined by

is ad K invariant and of signature (1, 1).
In case 111, the symmetric bilinear form Q on P defined by

OH,H)=1=QE+F,E+F), QHE+F) =0

is ad K invariant and of signature (2, 0).
In case 1V, the symmetric bilinear form Q on P defined by

00X, X)=1=0Q(,Y), 0(X,Y)=0

is ad K invariant and of signature (2, 0).
(iv) Incases V, VI, there are no non-degenerate ad K invariant symmetric bilinear form on

P.

The description of the simply connected symplectic symmetric surfaces corresponding
to the list of Proposition 1 is as follows:



@)

(i)

(1i1)

(iv)

v)

(vi)
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The plane R? with its standard symplectic structure wy, and the standard flat affine
connection.

Consider the adjoint orbit of the element H of si(2, R). If (‘(’ Z) (ad — bc = 1)
denotes an element of SL(2, R), a point of the orbit of H has components

(ad + bc)H — 2abE + 2cdF.

It is a one-sheeted hyperboloid in s/(2, R). The symplectic form is the standard Kostant
Souriau form. Its symmetric symplectic connection is the Levi Civita connection as-
sociated to the Lorentz metric, which is the constant negative scalar curvature Lorentz
metric. The model for II is the universal covering of this orbit.

Consider the adjoint orbit of the element E — F of s/(2. R). With the same notations
as above, a point of this orbit has components

—(bd +ac)H + (b> + a®)E — (> + d*)F.

It is one connected component of a two-sheeted hyperboloid in s/ (2, R). The symplectic
form is the standard Kostant Souriau form. The symmetric symplectic connection is the
Levi Civita connection associated to the Riemann metric, which is of constant negative
scalar curvature. It is diffeomorphic to R?.

Consider the adjoint orbit of the element Z in so(3, R). It is the standard 2-sphere with
its canonical symplectic structure. The symmetric symplectic connection is the Levi
Civita connection associated to the standard metric of S°.

Consider the coadjoint orbit of the element Y* of £(2)* (where X*, Y*. Z* is the dual
basis of the basis of £(2) given in Proposition 1). If one denotes by (8, a. b) an element
of E(2), a point of the orbit of ¥'* has components

(acosf +bsinf)Z* —sin6X* + coshY™.

It is a circular cylinder. The model for V is the universal covering of this orbit.
Let M (2) be the connected component of the group of isometries of the Lorentz plane
R2, go = 2da ® db. Let (¢, u, v) be an element of M (2) acting by

(t,u,v)-(a,b)y=("a+u,e'b+v).
Let (Z, X, Y) be the basis of the Lie algebra AM(2) given by
Z = 9o, X = dulo, Y =auo.

and let Z*, X*, Y* be the dual basis of M(2)*. A point in the coadjoint orbit of the
element (X* + Y*) has component

(—ue™ ' —veZ* +e "X  +e'Y*

it is a connected component of an hyperbolic cylinder in M(2)* and is thus diffeo-
morphic to R
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9. The two-dimensional compact complete locally symmetric symplectic space

Any such space (M, w) is a quotient of its universal cover (M, &) (which is symmet-
ric symplectic surface) by a group I" of symplectic affine transformations acting freely
and properly discontinuously on (M, &). So we examine successively the cases given in
Proposition 8.1.

For case I, the plane R? with its standard symplectic form and with a flat torsion-free
affine connection, we are helped by the following result of Milnor [11].

Propeosition 9.1. A compact orientable surface of genus g > 2 does not admit an affine
connection with zero curvature. Hence we have

Lemma 9.1. Any compact symplectic surface having the standard symplectic plane (R?, o)
with a flat torsion-free affine connection as universal cover is necessarily a flat torus.

Forcase I1, the universal cover (A71 , @) of the adjoint orbit of H insl(2, R), we first describe
the automorphism group of (A71 , @). It is known [5-7] that the automorphism group A is
the intersection of the affine group of M with the group of symplectic diffeomorphisms
of (M, @). It is also known [6,7,12] that the algebra .4 of A contains the algebra G of the
transvection group G of M and is composed of derivations of this algebra.

As G =sl(2, R), A = G and the transvection group G is the identity component of A.
Let a be any automorphism of M stabilizing a base point & (¢ M); the differential a,;
being symplectic, belongs to SL(2, R). It is also affine and thus commutes with the action
of the curvature endomorphism. Taking a basis E, F of Mj, as in Proposition 8.1 and with
obvious identifications, one sees that

r 0
(as;) = (0 l) r € Ro.

r

Composing a., with the differential of an element k of the stabilizer of 6 in G, one can
reduce (a.,) to € I. The symmetry s; at o has differential —I and thus coincides with a. As
55 is an isometry of M, for its Lorentz metric, we conclude that the automorphism group of
M is composed of isometries and hence that any affine compact quotient admits a Lorentz
metric of constant negative scalar curvature.

It is well known [13] that any compact manifold admitting a Lorentz metric has vanishing
Euler-Poincaré characteristic; hence in dimension 2 is a torus T2.

One also known [14] that the Gauss—Bonnet theorem is valid independently of the sig-
nature; hence that

-/
=— | tvu,,
X - g

where T is the scalar curvature of the Lorentz metric.
This implies in particular that there cannot exist a constant, non-zero curvature Lorentz
metric on T2. Hence we have
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Lemma 9.2, The universal cover of the orbit of H in sI(2, R) does not admit a compact,
affine symplectic quotient.

For case 111, the adjoint orbit of E-F is s/(2, R), we first determine (as for case II) the
automorphism group A of the orbit. The algebra .4 of A coincides with the algebra G of
the transvection group G as G = sl(2, R). If a is any automorphism of the orbit, stabilizing
(E — H), its differential a..._, being symplectic belongs to SL(2, R). As it commutes with
the curvature endomorphism, it has, relative to the (H, E + F) basis of the tangent space
to the orbit at £ — F, the matrix:

(a*EAF)z(; _S)y r2+s2:1_

r

Hence a.,_, coincides with the differential of an element k of the stabilizer of E — F
in G. Hence A = G and the automorphism group of the orbit 1s composed of isometries
of the orbit relative to its Riemannian metric of constant negative curvature. In fact all
these isometries are holomorphic with respect to the standard almost complex structure
on the orbit. Hence the group I" of such transformations of the covering is a group of
holomorphic isometries. The sought for compact quotient is thus necessarily a compact
Riemann surface endowed with a metric of constant negative curvature. Using Gauss—
Bonnet one has

Lemma 9.3. The orbit of E — F in si(2, R) admits as possible compact quotients an
orientable surface of genus g > 2.

Remark. Poincaré’s theorem [9] ensures the existence, on any orientable compact surface
of genus g > 2 of a Riemannian metric of constant negative curvature.

For case IV, the orbit of Z in so(3, R), one shows in a completely analogous way that the
automorphism group of the orbit (the standard sphere § 2) is the three-dimensional rotation
group SO(3). One checks easily that the rotation group does not admit a discrete subgroup
acting freely on S°.

Lemma 9.4. The sphere S? does not admit a non-trivial affine symplectic quotient.

For case V, the universal cover (M, ) of the orbit of Y* in £(2)*, (we use the notations
of Proposition 8.1) we start as above to determine the automorphism group A of M, &).
If a is an element of A stabilizing the point base 6(e M), ay; € SL(2,R); furthermore
as it commutes with the curvature endomorphism, its matrix , in the basis {X, Z} given in
Proposition 9.1, is:

(ax;) = (6 C) e€=1ceR.
0 0 €
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If k € K, an element exp k of the isotropy subgroup of the transvection group G of M has
a differential of the form:

1 d
(xpb)s; = (0 1)'

We can assume that Ay = +1 and clearly —1 is the differential at 0 of g which is an
automorphism of M.

Hence A has two connected components, G being the identity component of A.

We now show that the universal cover of the group E(2) is the transvection group of M
(~ R?) and describe its action on R2.

The universal cover of E(2)(~ R?) is the set of pairs {(6, @)|6 € R, o € C} with the
multiplication

@, )61, 1) = (6 + 61, a1 + ).
The involutive automorphism of this group corresponding to our algebraic model is
o0, ) = (-0, —a).

The group of fixed points of o is K = {(0, ir)|r € R}. The projectionw : G - G/K ~ M
is given by

(8, ) = (f,u =cosbfRe o + sinfIm «).
The action of G on M is:
0, a), 01,u)) =+ 61, u; + cos(@ + 81)Re a + sin(6 + 61)Im ).

The action is effective and thus G is the transvection group of M.

The curvature endomorphism stabilizes the direction of X. As the cover M — M/I" =
M is affine, there exists on M /" a smooth field of directions. As M is compact we have
x (M) = 0 and hence M (if it exists) must be diffeomorphic to the torus T2. The group I”
is thus isomorphic to Z> and we are thus going to describe, up to conjugation, the discrete
subgroups of A isomorphic to ZZ, and their action on M.

As A has two connected components, " N Ap is a subgroup I} of finite index in I,
isomorphic to Z>. We shall only describe, up to conjugation the subgroups I'| of G. Now
if (a, z) € G, its conjugacy class is composed of all elements

©6,0)a,2)0,0) ' =@ 1-eYYa+e?) 6eR, acC.

We have thus two types of conjugacy classes
(1) a = 2km = 3J arepresentative of the class where Imz =0, Re z > 0.
(2) a # 2km = 3 arepresentative of the class where z = 0.
Let y; be one of the generators of I and assume that the conjugacy class of y; is of type
(1). We may thus assume

v = Qkr,r), reRy.
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If - is the other generator of I, the fact that y; and y» commute implies:

2= Qlm, a) ifr >0,
no conditionon y» ifr = 0.

In this second part of the alternative, we can by a conjugation stabilizing y| assume that y»
has one of the two following forms

y» = (2mm, s), s >0, (a)
or

y2 = (6,0), 0 # 2n. (b)
If 1 is of type (a) we have for the action of the generators on M:

yi(x,u) = (x + 2km, u), yo(x,u) = (x + 2lm, u + cosxs).

This shows that yzk yl”l fixes all points of the form ((2p + 1)%, u) and thus the action of I
is not free.
If - is of type (b), the action of the generators on M is given by:

yi(x,u) = (x + 2km, u), ya(x,u) = (x +0,u)

and shows that M /Iy cannot be compact.
In the first part of the alternative we have:

yi(x,u)=(x +2km, u+ cosxr),

yr(x,u) = (x + 2lm, u + cos xRe « + sin xIm «),
and thus
Yy (x,u) = (x + 2(nk + Im)m, u + cos x (nr + mRe &) + sinx(m3Ja)).

One can choose m and n such that nk + Im = 0 and one can choose x such that cos x(nr +
mRe a) + sin x (mJa) = 0. Hence there are fixed points and the action of I is not free.

The second case, where y; = (a,0) (@ # 2Im) can be treated similarly. The second
generator y; = (6, «) commuting with y; must be of the form (6, 0) and one checks as
above that the quotient of M by I'| cannot be compact. We conclude by

Lemma 9.5. The universal cover of the orbit of Y* in £(2)* has no affine symplectic
compact quotient.

In case VI, the coadjoint orbit (M, ) of X* in M(2)*, we proceed essentially as in case
V.

Leta € A(= automorphism group of M) and assume a stabilizes a basis point o (€ M).
Then a., € SL(2, R) and commutes with the curvature endomorphism. Hence in the basis
{Y, Z} of My (cf. Proposition 8.1) it has a matrix of the form

0
(a*()):(€ )’ €2=1,C€R.
c €
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As an element of the form exp k (k € K) has a differential in O of the form:

1 0
(eka)*o=<d 1)

and as —I coincides with the differential of the symmetry at 0, we see that A has two
connected components and that Ay = identity component of the isometry group of the
Minkowski plane = G = transvection group of M.

As the curvature endomorphism stabilizes one direction, any compact, affine symplectic
quotient V of M will have x (V) = 0 and hence V is diffeomorphic to T2.

So V = M/TI, where I' is a subgroup of A isomorphic to Z2. Now, as It = ' N G
has finite index in I, it is still isomorphic to 7?2 and it will be sufficient, for our purpose,
to investigate the quotients M/I". To classify, up to conjugation, the subgroups of G,
isomorphic to Z? acting freely and properly discontinuously on M we now describe more
explicitly G and M.

Let G = {(, u, v) € R3} with the multiplication given by

Cu, )t u V)= +1t ' +u eV +v).
and let o be the involution automorphism defined by
o(t,u,v) = (—t,v,u).
Then the group K of fixed points of o is
K ={(0,s,s)ls € R}.

The affine symmetric space G/K is precisely our orbit. Indeed if we define:
d d d
Z=—t,0,0 B X:—O,t’t s Y= — , =1, D).
3 &0 O 5 @D -0, 1.0,

One checks that the commutation relations coincide with the ones given in Proposition 8.1.
Letwm :G— G/K =M : (t,u,v) > (t, w = e "u — e’ v) be the canonical projection.
The action of G on M is given by

(t,u,v) - (s, w) = (s + £, w+ue C+) — yeli+))y,
Now, if (a, b, ¢) € G, its conjugacy class is the set of elements of the form

(t,u, v)a, b,c)t, u,v)”!
=(a,e'b+(1—eu,e'c+1~eYv), t,uvek.

So we have two types of conjugacy classes (not counting the trivial one)
(a) the conjugacy class contains an element of the form

0, ¢, ¢), =1,
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(b) the conjugacy class contains an element of the form
(a,0,0), a#0.

One checks that elements of type (a) never commute with elements of type (b). Hence if
¥1. y2 are generators of I'y one may assume either
(1) y1, y2 of type (a) or
(2) 1, y2 of type (b)
In case (1) we have

yi = 0,¢,0), y2=(0,b,c")

and

N ’.8

vi(s, w) = (s, w+ee”’ —ce'), yis, w) = (s, w+be™ —c'e’)

Thus the quotient by I'| cannot be compact.
In case (2), we have

yi = (a,0,0), y2=1(a’,0,0)

and
yi(s, w) = (s + a, w), Vs, w) = (s' +a, w).

Thus the quotient by Iy cannot be compact. We conclude by:
Lemma 9.6. The orbit of X* in M(2)* has no affine symplectic compact quotient.
Summarizing the Lemmas 1 — 6 we get

Theorem 9.1. Let (M, w, V) be a compact locally symmetric symplectic, complete, two-

dimensional manifold. Then either

— M is the sphere S% witha multiple of its standard symplectic structure wy and V is the
Levi Civita connection associated to its standard Riemannian structure g( (with constant
positive curvature),

~ M is the torus T? with a flat affine connection,

— M is a surface of genus g(g > 2), X, with a connection V which is the Levi Civita
connection associated to a metric h of constant negative curvature.

10. The two-dimensional case: a global approach II

‘We have proven (Theorem 7.3) that if a compact symplectic surface (M, w) admits a sym-
plectic connection V solution of our field equations, then (M, w, V) is a locally symmetric
symplectic surface. We have also proven (Theorem 9.1) that a complete locally symmetric
symplectic compact surface (M, w, V) necessarily belongs to a short list. We would like to
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conclude by determining for any compact symplectic surface (M, w) the set of symplectic
connections V which are solutions of our field equations and geodesically complete. Clearly
the symplectic diffeomorphism group S(M, ) acts on this set of connections and what we
are really interested in is to describe the set £ of equivalence classes of such connection
modulo the action of S(M, w). We shall proceed case by case.

Consider any volume form  on $2. Let on the other hand gg be the Riemannian metric
on the sphere, with constant curvature = +1 and let wg be the associated Riemannian
volume form chosen in such a way that wy and  belong to the same orientation. (52, go)
is a Riemannian symmetric space and up to homothety is uniquely determined by S2. The
Levi Civita connection V° of gy is a symplectic connection for wy, is complete and is a
solution of our field equations for (§ 2 wo) and in fact the only one, up to isometry [5-7].
There exists a positive real number k such that

fa):fkwg.
s2 s2

This says that the corresponding de Rham cohomology classes are equal:
(@] = [keo].

Thus Moser’s stability theorem [8] tells us that there exists a smooth isotopy ¢; (0 <7 < 1)
such that: (i) gg = idl52§ (i) Vt, ¢; is a diffeomorphism of $2; (iii) @] = kay. Clearly if
g is the Riemannian metric defined by

978 =80
and if V is the Levi Civita connection associated to g, V is a symplectic connection for w, is
complete and is a solution of our field equations. Hence we have existence. Furthermore if
V' is another symplectic connection, solution of the field equations relative to w, we know
that it is symmetric (as $ is simply connected) and thus can be obtained from V° as V and
hence differs from V by an element of S(52, w).

Lemma 10.1. Let w be a volume form on S°. Then there exists a symplectic connection V
which is complete and solution of our field equations; furthermore two such connections
are related by a symplectic diffeomorphism. The set £ consists of only one point.

Consider any volume form on the torus 72. Let on the other hand wg be the “constant”
volume form on 72 such that it belongs to the orientation given by w and such that

/w:/w().
72 72

As above there exists a smooth isotopy ¢, such that

o = wp.
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If 7 : B2 — T2 denotes the standard covering, m*wy is a constant symplectic form on R
The symplectic vector space (R?, m*wg) admits a flat complete symplectic affine connec-
tion 60 such that (Rz, T*wp, 60) is an affine symmetric space. This connection is unique
up to a symplectic affine transformation of (R?, 7*wy). The covering 7 is induced by the
action of a free abelian subgroup I" of R? with two generators acting properly discontin-
uously and freely on R, Clearly the elements of I" are affine symplectic transformations
of (R%, m*wy, Vo) and thus Vy induces a flat affine symplectic connection Vg on (T2, wy).
This is locally symmetric complete and solution of our field equations relative to wy. Hence
the connection V defined by

VxY =1V onlY
1*

is a solution of our field equations for @. Hence we have existence.

Conversely if (T2, w, V|) and (T2, w, V») are two solutions of our field equations, they
are locally symmetric, flat, complete, symplectic. Hence they are both covered by the stan-
dard symmetric symplectic vector space (R”, ®, V) and are obtained by the action of a
discrete subgroup I'y (resp. I'3) of the affine symplectic group A of (R?, @, V). Now 4 =
SL(2,R)-R?and I'| (resp. I>) is isomorphic to Z> and acts freely and properly discontin-
uously on R.

The torus (T2, w, V) and (T2, w, V») are affinely, symplectically equivalent iff the
groups I are conjugate in A.

Lemma 10.2. Let w be a volume form on T*. Then there exists a symplectic connection V
which is complete and solution of our field equations. Furthermore the set £ of equivalence
classes of such solutions is the set of conjugacy classes of discrete subgroups I' of SL(2. R)-
R?, isomorphic to Z* and acting freely and properly discontinuously on R’

Consider any volume form w on the surface X', of genus g > 2. By Poincaré’s theorem
we know that there exists on X'y a Riemannian metric of negative scalar curvature = — 1.
The space (X, go) is locally symmetric and complete, let « be the Riemannian volume
form belonging to the orientation defined by w. The Levi Civita connection Vy of go is a
symplectic connection solution of our field equations relative to «y. There exists a positive
real number & such that

/ o= / kawy.
z, T,

Using the same argument as above we get existence of a solution of the field equations for
w. Let (X, w, Vi) (i = 1, 2) be a solution of our field equations, which is complete. Then
it is locally symmetric and complete. Hence it is affinely, symplectically covered by the unit
disk (equivalently by the orbit of E — F in s/(2, R)) with its standard symmetric structure,
its standard Riemannian metric of constant negative curvature — 1 and with symplectic form
a constant multiple of the standard symplectic form. In the proof of Lemma 9.3, we have
shown that the group I" of deck transformation of the covering m : D — X, is composed
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of holomorphic isometries of D. Hence (X, @) inherits a Riemannian metric of constant
negative curvature equals to — 1. Observe also that if we are given h, the orienation of X, and
the real number k, w is uniquely determined. So if there exists an affine symplectomorphism
pof (Xg, w, V) > (X, w, V2) thisisalsoa holomorphic isometry for the corresponding
metrics | and A,. Conversely such a holomorphic isometry induces an affine equivalence
of our two solutions. Hence we have

Lemma 10.3. Let w be a volume form on a compact surface X, of genus g > 2. Then there
exists a symplectic connection V which is complete and solution of our field equations.
Furthermore the set £ of equivalence classes of such solutions is isomorphic to the set
of equivalence classes of constant curvature (= —1) Riemannian metrics on ¥, modulo
diffeomorphisms which stabilize .

Putting together Lemmas 10.1-10.3, we get

Theorem 10.1. Let w be a volume form on a compact surface M. Then
() If M = §%, £ = 1 point
(i) If M = T?, £ = set of conjugacy classes of discrete subgroups I" of SL(2,R) - R?
isomorphic to 7* and acting freely and properly discontinuously on R?
(iii) If M = X4(g > 2) then £ = set of equivalence classes of constant curvature (= —1)
metrics modulo the group of diffeomorphisms stabilizing w.

Remarks. Clearly if ¢ is a diffeomorphism of X, it sends a solution for w on a solution
for ¢*w. Hence if one is interested in the space of equivalence classes of solutions on X,
one has either the classical moduli space or Teichmiiller space.

11. The two dimensional case: a local approach II

We now want to investigate the non-compact situation. From the start we will restrict
ourselves to the case of R?, and we shall also assume that the preferred connection we want
to describe is geodesically complete. From our previous analysis we get

Proposition 11.1. Let (R?, w, V) be a preferred symplectic connection on the plane which

is locally symmetric and complete. Then it is globally symmetric and the manifold is sym-

plectomorphic and affinely equivalent to one of the following manifolds:

(i) (R2, wo, Vo) viewed as a symplectic vector space and V is the flat affine connection.

(i) (R?, i, V1) viewed as the universal cover of the coadjoint orbit of the element H of
sI(2, R). The symplectic form is a multiple of the Kostant Souriau form. The connection
is the Levi Civita connection associated to the Lorentz metric on this orbit which is
induced by the Killing form of sl (2, R).

(iii) (R2, wy, V) viewed as the coadjoint orbit of the element (E — F) of s1(2, R). The
symplectic form is a multiple of the Kostant Souriau form. The connection is the Levi
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Civita connection associated to the Riemannian metric on this orbit which is induced
by the Killing form of s1(2, R).

(iv) (R?, w3, V) viewed as the universal cover of the coadjoint orbit of the element Y™ of
E(2)*. The symplectic form is the Kostant Souriau form and the connection is the unique
linear symplectic connection for which the symmetries are affine transformations.

v) (R, ws, Vs) viewed as the coadjoint orbit of the element X* + Y* of M(2)*. The
symplectic form is the Kostant Souriau form and the connection is the unique linear
symplectic connection for which the symmetries are affine transformations.

Remarks. Thisproposition indicates how complicated the non-compact situation is. Indeed
all these spaces are symplectomorphic to the standard symplectic vector space (i.e. 3 a
global Darboux chart) but no two of these preferred connections are affinely equivalent.

We recall that the local behavior of a solution of the field equations is governed by a
Sunction B. The Proposition 11.1 takes care of the case B = 0.

Proposition 11.2. Let (R?, w, V) be a solution of the field equations. Assume the function
B is constant (B = o # 0). Then if U = {p € R? | u(p) % 0}, U is an open dense subset
of R%. Furthermore if p € U, there exists a Darboux chart (V, @) centered at p, (V C U),
with coordinates x*(a = 1, 2) such that

(0) wly = dx!' A dx?

(i) uly = —2B0(1 + x')dx?
(1) the Christoffel symbols of V on V have the expression

1 1

_0, Vy h = ————— 09,
20 +<0) "R T 0+

Va,d1 = Va, 82, Va,dr = —280(1 + x")%.

V3,01 =

Proof. The assumption 8 = B¢ # O implies that the field equations reduce to

Tap = ——~UqlUp, Ug:p = Bowab-
Bo

The set U = {p € R? | u(p) = 0} is open. Furthermore if g € RZ \ U is an interior

point of R2\ U, we have a contradiction as on one hand dul, = 0 and on the other hand

dul, = —2Bow # 0. Hence the density of U. Let p € U and let $2, C U be the domain of

a chart with coordinates x%(a = 1, 2) such that

i x*(p)=0
(ii) if u is defined by i (W)w = u, then 7 = 3/dx!
In this chart

co:a(x)dx1 A dx2, u=a(x)dx2.
Recall that

du = —=2Bpw # 0 = da A dx°
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Hence da and dx? are linearly independent and there exists .Qll, C $2, such that a and x2
form a coordinate system on §2 I£ Write x¢ for the coordinates on £2 Ii such that

a=-2f(1 +ih, 2 =x2
Thus
u=—2p(1 +x")dx?, w= di' A d¥%.

Now on 2 ,1) the relations u,., = Bowgp and the fact that the connection is symplectic give
the value of 5 of the 6 Christoffel symbols:

1 1
3, Vad =Vyd = ———h,
20+ R T T a

Vs, 02 = A(xl, xz)al.

V3,01 =

where A is an arbitrary function (we have omitted the on the x“’s). The components of the
Ricci tensor are given in terms of the components of u:
ri=rip=0, rn = 4po(1+x)?.

On the other hand, computing the Ricci tensor in terms of the Christoffel symbols and their
derivatives, we get the condition

COA+ — 4Bl +x') (11.1)
1 TGt = Yol +x0)% 1

The most general solution of (11.1) is given by
A==281+x"H +BxHU1+xhH

and depends on an arbitrary function B of one variable.
We are now going to use the arbitrariness of the coordinates on .Q,', to get rid of the

function B on an eventually smaller neighborhood Q,%.
A change of local coordinates compatible with the fact that the chart is Darboux and the
particular form of u, is necessarily of the form:

1
=41, =R,
(4

where ¢ = dg /dx’z. In this coordinate system, the Christoffel symbols have the same
expression except that the function B(x?) is replaced by the function

%) N L
B =g Bop)+ 25— ().
202 \¢
So we are looking for a function ¢ such that
209 ~3¢* = 29" (B o).

There exists a solution ¢ such that ¢ (0) = 0, ¢(0) = 1, ¢(0) = 0 defined on a small interval
centered at 0. This allows us to define the neighborhood V = Q;. O
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Proposition 11.3. Let (R?, wy) be the standard symplectic vector space with coordinates
x%a = 1,2). Let UT be the open set (1 +x') > 0 (resp. (1 + x') < 0) and let V* be the
linear symplectic connection on UT defined by Proposition 11.2. Then the curves x? =ct
are geodesics such thatt = Ofor)(I = xé anddd—‘,l(O) = B(B < 0ifl +xé >0andB > 0
ifl1+ x(]) < 0). One reaches the “boundary” x' = —1 in a time T = F2/B|1 + )((H”2
and the velocity becomes infinite. In particular, the spaces (UT, wy, VT) are geodesicallv
incomplete and cannot be extended.

The proof is an easy calculation.

Proposition 11.4. Let (R%, , V) be a solution of the field equations and assume df # 0.
Let U be the open set defined by U = {p | r(u, u){(p) # 0}. Then for any p € U, there
exists a Darboux chart (V, @) centered at p with coordinates x“(a = 1, 2) such that
) vcu
(i) x> = Blv — B(p)
i

(i) dx' = |y

(iv) The Christoffel symbols in this chart have the expression

Vi, 81 = —[(x? + Bp)* + BIL(x* + B,)° +2(x* + B,)A — Bld,

5
X+
VH|82:V3281 = [(Tﬂ)‘ip:B—]al
X< p)”
2
x4+ 8
Vi, 01 =— r

[+ B2 + B] ~

Proof. If one notices that the 1-form u/8”> + B is closed, the proposition is an easy refor-
mulation of Lemma 5.2.

If one assumes that the constant B is strictly negative (B = —K) the formulas above
define a preferred connection in the bands of R, |x?| < K, x> > K, x> < —K.The curves
x! =ct are geodesics and using an affine parameter along with them, one sees that one
reaches one of the “boundaries” in a finite time and the velocity vanishes at the boundary.
So one cannot patch together these various solutions.

If one assumes that the constant B = 0, the formulas above define a preferred connection
in the upper and in the lower half plane. The curves x' =ct are geodesics and using an
affine parameter, one sees that it takes an infinite time to reach the boundary; the velocity
tends to zero when one goes to the boundary. On the other hand, any geodesic along which
x! is not constant reaches the boundary (x2 = 0) in a finite time and for a finite value of
x'. So one cannot patch together the two solutions.

If one assumes that the constant B is strictly positive, the formulas above define a preferred
connection on the whole plane. The geodesic equations are readily integrated and one sees
that the connection is geodesically complete.

We thus get the following
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Theorem 11.1. On the plane (R?, wg) with the standard symplectic structure, there ex-
ist a family of preferred connections V which are geodesically complete and affinely not
equivalent. These are
(i) Vo = the standard flat connection,
(ii) Vl(k) = a one parametric family of symmetric connections corresponding to a constant
curvature Lorentz metric,
(iii) Vz(k) = a one-parameter family of symmetric connections corresponding to a constant
negative curvature Riemannian metric,
(iv) V3 = a symmetric connection associated to a coadjoint orbit of the group E(2),
(v) V4 = a symmetric connection associated to a coadjoint orbit of the group M(2),
(vi) VéA'B) =a two parameter family of non-symmetric connections.

12. Remark for further development

The results in dimension 2 encourage us to look at higher dimension. Let us simply
indicate in this direction a construction which given a preferred connection on (M, w)
builds a preferred connection on (T*M, d6) (¢ = Liouville form on the cotangent bundle).

Recall a classical construction due to Yano and Kobayashi [10]. If x : TM — M denotes
the tangent bundle to M, one defines 2 lifts of tensor fields on M to tensor fields on TM
(of the same type).

The vertical lift is characterized by the following properties:

(i) If S and T are tensor fields on M and if S* and TV denote their vertical lifts:

ST =5"QT".
(i) If f € C®(M),
fl=n'f.
(i) If f € C®(M),
@df)’ = duh).
(iv) If X € I'(TM) and f € C®(M),
X'(df) = Xf)",

where (on the left-hand side) d f is viewed as a functionon T M.
This implies that the vertical lift of a p-form « on M is

Also if x'(i < n = dim M) are local coordinates on M and (x!, y')(i < n) are the
corresponding local coordinates on T M:

v
5 .
X”=(2X'ﬁ) =2 X5y
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The complete lift of tensor fields is characterized by the following properties:
(i) If S and T are tensor fields on M and S, T* denote their complete lifts:

(SR =S"@T"+S5'QT°.
(i) If f € C®(M),
fO=dyf.

where (as above) d f is viewed as a function on T M.
(i) If f € C>*(M),

(df)" = d(f).
(iv) If X € I'(TM) and f € C®(M),
X(f9) = XN

In particular, using local coordinates on M and T M as above, we have

. a :
f‘(x,y)=za—£(x)y’,

@fey=y P (x)dva"+zﬁ(x)dv"
’ = Ox/3x : I_ dxi o

.0 X' 3

X(- y)= Xl—4 "l—“——.'—..

(x.y) 2’: ax,-f—;) ox7 By’

¢ da J i i

o (.x,y):Zaxjy dx +Zaidy.

i

i
Now if w is a symplectic form on M, »* is a 2-form on T M which reads, locally,
o1 dwjj . . . .
o’ == Z Il;'l yEdxt A dxd + Za)ij dy' A dx/

2 ox
ij.k i.j

and is thus clearly a symplectic formon T M.
The form w induces a linear isomorphismw : TM — T*M : X — i(X)w.

Lemma 12.1. One has the identity

o = 0™ (dh).

One can lift a symplectic connection V on M to a connection V¢ on TM and push it
forward to T*M.
The complete lift V¢ of a connection V on M, is defined by

VS (Y€)= (VxY)-.



264 F. Bourgeois, M. Cahen/Journal of Geometry and Physics 30 (1999) 233-265

In a local chart (x, y') of TM one has

cl ! o _ cl

Fye=Ty. Iy =0, Iy =0,
P

e pp cﬁ_aFikj c?

ry=r, rik—"a“;,-‘y» Fii_O,

where barred indices refer to the y/’s coordinates. From these formulas one deduces easily
that

(X, Y1=[X, Y],
V5 Y — VS XE— [XC, Y] = (VxY — VyX — [X, Y],

Hence if V is torsion free, so is V€. One also notices that
o’ (X, Y) = (0(X, Y))"

from which one deduces that V is a symplectic connection for w, then V¢ is a symplectic
connection for w°. Notice finally that

RE(X,YHZ  =(R(X,Y)Z)", re(X, Y9 =2(r(X, Y))".
Hence

(Ver) (Y, Z) = Xr(YC, Z°) — r'(V§ YE, Z°) — r'(Y¢, V4. Z°)
=2X°(r(X, Y))" = 2(r(VxY, Z))" = 2(r(Y, Vx Z))"
=2[Xr(Y,Z) — r(VxY, Z) — r(Y, Vx 2)I"
=2((Vxr)(¥, Z))"

which proves

Proposition 12.1. Let (M, w) be a symplectic manifold and let V be a preferred symplectic
connection. Then on (T*M, d8), the linear connection V defined by
VY =,V | o'y,

wy ' X=

where V¢ denotes the complete lift of V to TM and o is the linear isomorphism of TM
with T*M, is a symplectic preferred connection.
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